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ABSTRACT
The aim of this work is to investigate the ability of deep

learning (DL) architectures to learn temporal dynamics in
multivariate time series. The methodology consists in using
well known synthetic stochastic processes for which changes
in joint temporal dynamics can be controlled. This permits
to compare deep learning against classical machine learning
techniques relying on documented hand-crafted wavelet-
based features. First, we assess the performance of several
different DL architectures and show the relevance of convolu-
tional neural networks (CNN). Second, we test the robustness
of CNN performance in classifying subtle changes in multi-
variate temporal dynamics with respect to learning conditions
(dataset size, time series sample size, transfer learning).

Index Terms— Deep Learning, CNN, Time Series, Mul-
tivariate, Multifractal.

1. INTRODUCTION

Context. In a wide range of domains, deep learning (DL)
is sprawling and reaching state-of-the-art results. It is no-
tably well adapted for classification tasks and began to get
attention after unprecedented performance in recognition of
images with strong geometric contents [1–3]. More difficult
and less addressed challenges are related to texture classifi-
cation, where the available information is statistic in nature
rather than geometric [4]. Further, most research on texture
classification is focused on images, and thus the literature on
1D texture (time series) classification is even more sparse.
Despite successes in specific applied contexts [5–8], the abil-
ity of DL to capture temporal dynamics in time series remains
rarely investigated at a generic level, and constitutes a broad
issue that we aim to address here.
Related Works. Novel neural networks are proposed at an
increasing pace, resulting in a rich variety of very different
architectures—multilayer perceptrons [9], Long-Short Term
Memory networks [10], convolutional networks, residual
networks [3], Wavenet [11], amongst others—making per-
formance and complexity comparisons difficult to achieve.

Comparisons are further impaired by different architectures
being applied to different tasks. Even when focusing on
the specific task of interest here—classification of temporal
dynamics—the available literature, e.g. [5,8,12–15], remains
too diverse and spread in settings and contexts to permit com-
parisons or to gain a global understanding in the ability of DL
architectures to discover/model temporal dynamics.
Goals, contributions and outline. The overall goal of the
present work is to quantify the ability of deep learning ar-
chitectures to discriminate mild but intricate differences in
complex multivariate temporal dynamics. To that end, use
is made of specific and well controlled stochastic models
with scale-free temporal dynamics: multivariate multifractal
random walks, widely used in applications and of intrinsic in-
terest [16,17]. However, the focus is not on multifractality per
se and those processes are only chosen because they enable
an easy design of classes of processes with mild differences
in their higher order cross (multivariate) temporal dynam-
ics [16, 17], thus permitting to asses the ability of neural
networks to discover such subtle differences in multivariate
temporal dynamics. Further, scale-free temporal dynamics
are known to be well analyzed by wavelet representations,
which can hence be used as expert benchmarks. These
stochastic models and analysis tools are described in Sec-
tion 2. Contributions of the present work are threefold. First,
several neural network architectures, described in Section 3,
are compared with respect to classification performance in
Section 4, showing the relevance of convolutional neural net-
works (CNN) for temporal dynamics assessment. Also, their
complexity is discussed and quantified in terms of Vapnik-
Chervonenkis dimension. Second, the performance of several
CNN with different complexities are compared against each
other and against support vector machines using hand-crafted
(wavelet-based) features, constructed from explicit expert
prior knowledge (cf. Section 5). Finally, the impact on clas-
sification performance of learning conditions—such as time
series length, number of training data, or departures from the
statistics of training data (transfer learning)—are investigated,
quantified and discussed in Section 5.



2. MULTIVARIATE TEMPORAL DYNAMICS

Scale-free temporal dynamics. Multifractal random walks
(MRW) constitute well defined processes with rich scale-
free temporal dynamics, widely used in real-world applica-
tions [18], introduced in the univariate setting in [16] and
recently extended in a bivariate setting [17]. The present
work further proposes to define Multivariate MRW (MMRW)
X(t) = {X1(t), . . . , XM (t)} as ∀k = 1, . . . ,M , Xk(t) =∑t
n=1Gk(n)eωk(n), with G(t) = {G1(t), . . . , GM (t)} and

ω(t) = {ω1(t), . . . , ωM (t)} two independent multivariate
Gaussian processes, with zero-mean and prescribed covari-
ance functions. G(t) is defined as the multivariate extension
of fractional Gaussian noise (fGn), the increment process of
fractional Brownian motion—the reference Gaussian self-
similar process [19]. G(t) is thus fully defined by a vec-
tor of self-similarity exponents H = (H1, . . . ,HM ) and
a M × M pointwise covariance matrix Σ [20, 21] . ω(t)
is defined via pairwise covariance functions, chosen to in-
duce multifractality in temporal dynamics, Σmf (k, l) =

ρmf (k, l)λkλl log
(

T
|k−l|+1

)
, if |k − l| ≤ T − 1 and 0 oth-

erwise, with T an arbitrary integral scale. ω(t) is thus fully
defined by a vector of multifractality Λ = (λ1, . . . , λM ) and
a M ×M multifractal correlation matrix ρmf .

Extending bivariate calculations [17], it can be shown
that the (cross) second-order statistics governing the tempo-
ral dynamics of MMRW are driven mostly by H and Σ and
marginally by Λ. Furthermore, the part of temporal and cross-
temporal dynamics not already encoded by cross-correlations
are controlled by Λ and ρmf . Classes of temporal dynamics
with subtle differences in cross higher-order statistics (i.e.,
beyond cross-correlation) can thus be constructed by tuning
the off-diagonal entries of Matrix ρmf .
Wavelet based scale-free analysis. It is now well-documented
that scale-free temporal dynamics are well analyzed using
multiscale wavelet representations [21]. Let dX(j, k) denote
the discrete wavelet transform coefficients of X , defined as
dX(j, k) = 〈2−jψ(2−j · −k)|X(·)〉. It can be shown that for
any pair of components (Xk(t), Xl(t)), the wavelet cross-
correlations satisfy Sk,l(j) =

∑
n dXk

(j, n)dXl
(j, n) '

Σk,lCψ(Hk, Hl, λk, λl)2
j(Hk+Hl−(λ2

k+λ
2
l )/2. Wavelet coef-

ficients thus only probe the second-order statistics of MMRW.
To measure higher-order temporal dynamics, wavelet

leadersL(j, k) need to be further constructed as local suprema
of wavelet coefficients, taken over finer scales and within a
short temporal neighborhood [22]. It can then be shown
that the first- and second-order cumulants, C(k)

1 (2j) and
C

(k,l)
2 (2j), of (lnLXk

)k=1,...,M , behave as C
(k)
1 (2j) =

c
(0,k)
1 + c

(k)
1 ln 2j , with c(k)1 = Hk + λ2k/2, and C(k,l)

2 (2j) =

c
(0,k,l)
2 + c

(k,l)
2 ln 2j , with c(k,l)2 = ρmf (k, l)λkλl. The c(k,l)2 ,

controlled by Λ and ρmf only, measure fluctuations of tem-
poral and cross-temporal dynamics not already encoded in
the covariance functions, referred to here as multifractality.

3. NEURAL NETWORKS - SUPERVISED LEARNING

Neural Networks. Neural networks (NN) consist of param-
etrized functions f(X) cascading affine mappings and point-
wise nonlinear functions, referred to as activation functions
(such as sigmoid, ReLU,. . . ). They are inspired from simple
models of neurons, which make a linear combination of inputs
and produce an output only if it exceeds a certain threshold.
Numerous architectures were proposed across the years, de-
signed either to match specific tasks or mimic natural mecha-
nisms (cf. e.g., [23]) and based on different elementary layers.
Layers. In a fully-connected (FC) layer [9], the affine map-
ping is dense: it is applied to all outputs of the previous layer,
resulting in large numbers of parameters to learn. In con-
volutional (C) layers the affine map is a convolution with a
linear filter, where the same weights are applied to different
regions of the input; the number of parameters is thus largely
reduced. Often, several filters, or channels, are applied in
parallel. Long-Short Term Memory (LSTM) layers [10] are
based on neurons that track the time evolution of inputs; they
combine current inputs with previous outputs through an in-
ternal state, and thus directly measure temporal evolutions.
Architectures. In this work, four architectures are compared.
They are sketched in Fig.1 and their complexities are com-
pared in Table 1. All architectures share the last two FC
layers—which use Leaky-ReLU and sigmoid activations. We
detail below the rest of their layers.

The fully-connected networks (FCNN) concatenate two
FC layers with leaky-ReLU activations (slope of 0.02). Wide
(a1) and narrow (a2) FCNNs are considered; (a2) is cho-
sen to have a similar size to the convolutional network (c).
The LSTM network (LSTMNN) uses two LSTM layers of
8 neurons. The Convolutional network (CNN) uses two
convolutional layers with Leaky-ReLUs. A residual net-
work (ResNet) [3] elaborates on CNN to allow the training
of deeper networks. ResNet layers combine the outputs of
previous layers to prevent the gradient from vanishing and
stopping training [3].

4. ARCHITECTURE COMPARISONS

Neural Network Complexity. To ensure meaningful perfor-
mance comparisons, tools assessing architecture complexities
must be used. A direct comparison of the number of param-
eters or layers is not meaningful because of their different
roles in different architectures. As an alterative, the Vapnik-
Chervonenkis dimension [24]—which measures the expres-
sive power of a parametrized family of functions—has been
proposed to compare network architectures [25, 26]. Though
it is hard to compute in general, an upper bound is available
for NN in binary classification problems [27]. It is based
on the input length d and the number of nodes m of a com-
putational graph that represents the NN—expressing, to that
end, activation functions as Pfaffian chains. The largest Pfaf-



(a1) FCNN (a2) FCNN (b) LSTM (c) CNN (d) ResNet (d2) ResNet

Fig. 1. Summary of Neural Network architectures.

fian chains correspond to the sigmoid activation functions in
the output, having length 1 and order 2. The VCD upper
bound thus reads: V CD = (md)(md − 1) + 16d + 2d(1 +
2m)(log 3 + log d).

The first contribution of the present work is to estimate
the VCD upper bound for the NN architectures in Fig. 1. For
a FCNN layer with n outputs, mFCNN = n. For the LSTM
layer used here (with 9 nonlinear funtions) and n neurons ap-
plied to an input of size lin, mLSTM = 9linn. For a CNN
layer with kernel size k, padding size p, dilation d, stride s,
with cin and cout input and output channels, applied to an in-
put of size lin, we havemCNN = coutb lin−2p−d(k−1)−1s +1c.
For a ResNet layer, we add to mCNN the input additions and
reshaping. The final upper bound is obtained by considering
the number of layers.

Table 1 compares NN complexities in terms of overall
number of parameters, layers and VCD upper bound. The
different architectures were designed to have equivalent com-
plexities. For FCNN, it was not possible to achieve both same
VCD and same number of parameters compared with other
NN, so that two different FCNN are tested.
Classification task. The first goal is to investigate which
class of architecture performs better in assessing temporal
dynamics. To that end, the classification task consists in
discriminating between two classes of (zero mean, unit vari-
ance) univariate MRW, M = 1. Both classes are designed
to have the exact same second-order statistics (covariance
functions). Thus NN will have to discover mild differ-
ences in high-order statistics temporal dynamics. Parameters
(HA, λA) = (0.50,

√
0.03) and (HB , λB) = (0.51,

√
0.01)

are selected.
Train and test sets. The same dataset is used to train all net-
works, consisting of 8000 series of length 212, half of them
belonging to each class. Performance is estimated with a test
set of 2000 series.
Optimization and training. All NN were implemented in
PyTorch. Optimization was performed with Adam (learning
rate of 1e− 4) and default initialisation. Five training epochs
were used, and a batch size of 40. Batch Normalization [28]
is applied to hidden layers (see Fig. 1). Each NN was trained
from scratch 100 times, and average performance was com-
puted.

Table 1. Architecture complexity. Number of parameters,
layers and VCD (upper-bound) for architectures tested here.

Parameters layers VCD

a1 5,112,021 4 1.06 E 20
a2 329,601 4 1.34 E 15
b 328,629 4 5.87 E 20
c 327,389 4 2.57 E 20
d 289,338 5 6.18 E 20

Table 2. Classification performance. Training time (in min-
utes) and performance (averages and std over 100 NN trained
independently from scratch) for all architectures.

a1 a2 b c d

Time (m) 0.6 0.4 11.7 0.5 1.0
Mean, train 99.8 99.5 51.5 99.1 99.1
(Std) (0.1) (0.4) (5.0) (0.2) (0.4)
Mean, test 49.6 49.9 50.7 97.4 97.3
(Std) (0.6) (0.7) (3.8) (0.5) (0.9)

Classification performance. Table 2 shows average classifi-
cation performance and training times. Both FCNN perform
equally bad despite a significant difference in complexity and
despite satisfactory performance on the training set, suggest-
ing overfitting. CNN (c) and ResNet (d) show indisputable su-
periority in performance, suggesting that linear time invariant
filtering as performed by convolutional layers is well adapted
to assessing temporal dynamics in time series. LSTMNN is
slower to train (by one order of magnitude) and, surprisingly,
has poor performance even on the training set, suggesting that
its recurrent structure is not well suited to learn temporal dy-
namics, while the simpler linear filtering of CNN suffices.

5. CONVOLUTIONS AND TEMPORAL DYNAMICS

Classification task. Focusing on CNN only, the next goal
is to compare performance as a function of NN depth and
width. To that end, two classes of 4-variate MMRW, M = 4,
are used, with the same joint second-order statistics: same



Fig. 2. CNN performance as a function of VCD (a), training
set size (b), time series length (c), and class differences (d).
Colors and symbols for CNNs are indicated in Table 3. Black
4 indicates ResNet.

Table 3. VCD for CNN architectures. The colors and sym-
bols used in Fig. 2 are indicated.

Parameters Layers
2 (red) 3 (green) 4 (blue)

∼200k (◦) 0.6E 20 1.2E 20 2.3E 20
∼330k (∗) 4.6E 20 4.5E 20 10E 20
∼400k (O) 9.1E 20 9.0E 20 19E 20

H = [0.5, 0.6, 0.7, 0.8] and same Σ (for each pair, pairwise
correlations of −0.3). Moreover, they all have the same
λ =

√
0.03 so that their univariate higher order statistics

(multifractality) are identical. For one class, all non diagonal
entries of ρMF are set to 0.4. The other class has the same
ρMF but for one entry set to 0. Therefore, the only difference
in temporal dynamics between the two classes is subtle and
located in cross high-order statistics (joint multifractality) for
a single pair of components, resulting in a difficult classifica-
tion problem.
CNN design. Nine CNN are designed with 3 different depths
(2, 3 or 4 layers) , with 3 different numbers of parameters to
train (' 200k, ' 330k, ' 400k), as summarized in Table 3.
In addition, the ResNet d2 shown in Fig. 1, designed to have
an overall large complexity (9 layers, ' 330k parameters and
VCD' 49E20) is also compared on the same task.
Training. The training setting is identical to the previous sec-
tion, except that the training set size is now 20, 000 4−variate
times series, each of length 213. Each network is trained from
scratch 10 times, using 10 epochs.
Performance. Fig. 2(a)reports performance averaged across
independent training. It shows that highest performance are
obtained for several NN, with different numbers of layers,
but with VCD around ' 4.5 · 1020. Further increasing NN
complexity either in numbers of layers, parameters, or archi-

tecture (ResNet), slightly decreases performance, suggesting
insufficient training. Finally, DL performance are compara-
ble, but not superior, to a classical estimator combining 24
hand-crafted wavelet features (H, c1, c2) (see Section 2) with
a support vector machine (SVM) (magenta dashed line).
Robustness against training set size. Fig. 2(b) reports clas-
sification performance for decreasing training set size (for the
largest CNN and ResNet only, for simplicity). The dramatic
decrease in performance quantifies the critical need of large
datasets in NN training for complex classification tasks.
Robustness against time series length. Fig. 2(c) reports
classification performance for decreasing time series length.
The significant decrease in performance, far more pronounced
than that observed with wavelet-SVM, indicates that CNN
assessment of subtle differences in temporal dynamics is con-
ditioned to the observation of long enough time series.
Robustness to departures from the training class. Fig. 2(d)
reports performance when training and testing sets differ
slightly. New (same size) testing sets are created by increas-
ing progressively the entry of ρmf , originally set to 0 in
the training set, to 0.3. It shows that DL architectures are
not more robust than the wavelet-SVM approach when dif-
ferences between the two classes decrease. Further, all DL
architectures show the same performance decrease, suggest-
ing that increasing VCD (and complexity) does not bring
robustness (a potentially counter-intuitive outcome).

6. CONCLUSIONS AND PERSPECTIVES

The work proposed here was driven by the idea to apply DL
to a problem for which a solution is already well-known.
We believe that this methodology permits to obtain modest
yet significant conclusions with respect to the ability of DL
architectures to learn temporal dynamics, along two lines.
First, DL architectures do manage to learn subtle differences
in multivariate temporal dynamics blindly—i.e., with no prior
knowledge on the temporal dynamics—as their performance
compare to classical approaches relying on informed features,
tailored to match temporal dynamics. Furthermore, among
DL architectures of comparable complexities (quantified by
VCD), CNN outperform others tested here—even the LSTM
which explicitly models temporal evolution—highlighting
the deep relation between time invariant convolution and
temporal dynamics. Second, designing DL architectures,
even within a family (CNN) is complicated, as the optimal
architectures depend not only on how different classes are,
but also crucially on the richness of the available training data
sets (dataset size or time series sample size). We systemat-
ically analyzed this issue through the synthesis of training
sets of different sizes. Also, often in practice, real data may
not always follow exactly the properties of the training set,
which may also result in a severe performance decrease. Fur-
ther work is needed to better design relevant architectures for
multivariate temporal dynamics classification with DL.
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