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Abstract—1 Asset allocation constitutes one of the most crucial
and most challenging tasks in financial engineering, which often
requires the estimation of large covariance or precision matrices,
from short time span multivariate observations, a mandatory yet
difficult step. The present contribution reviews and compares a
large selection of estimators for covariance and precision matri-
ces, organized into classes of estimation principles (Direct, Factor,
Shrinkage, Sparsity). This includes the theoretical derivation
of several additional estimators not available in the literature.
Rather than assessing estimation performance from synthetic
data based on a priori selected models of questionable practical
interest, it is chosen here to evaluate practically the quality of
these estimators directly from portfolio selection performance,
quantified by financial criteria. Portfolio selection is conducted
over two datasets of different natures: a 15-year large subset
(within Stoxx Europe 600) of 244 European stock returns, and
a 50-year benchmark dataset of 90 US equity portfolios. This
large scale comparative study addresses issues such as the relative
benefits and difficulties of using robust versus direct estimates,
of choosing precision or covariance estimates, of quantifying the
impacts of constraints.

Index Terms—Portfolio selection, asset allocation, covariance
matrix, precision matrix, multivariate estimation, factor, shrink-
age, sparsity.

I. INTRODUCTION

Optimal asset allocation. Optimal asset allocation, i.e., the
selection of a limited number of assets within a pre-selected
(large-size) basket for optimal performance, constitutes a
crucial stake in the finance industry [1], [21]. Amongst the
numerous available strategies, the mean-variance framework
of Markowitz [40] and in particular the global minimum
variance portfolio (GMVP), is commonly used for actual asset
allocation: Given a set of p risky securities, whose returns at
time t are denoted {rk(t), k = 1, . . . , p, t = 1, . . . , n}, the
GMVP approach amounts to estimating the vector of weights
{wk, k = 1, . . . , p}, that minimizes the overall standard
deviation (referred to as the volatility) of the portfolio return:2

r(t) =
pX

k=1

wk · rk(t). (1)

Without restriction on short-sales, i.e., weights wk can be
either positive or negative, the GMVP is obtained as the

1Copyright (c) 2014 IEEE. Personal use of this material is permitted.
However, permission to use this material for any other purposes must be
obtained from the IEEE by sending a request to pubs-permissions@ieee.org

2Given the prices Pk(t) of asset k at time t, the corresponding return reads:
rk(t) = (Pk(t+ 1)� Pk(t))/Pk(t).

solution to the following optimization program:

w⇤ = argmin
w

w0⌃w, s.t. 10pw = 1, 10p := [1, . . . , 1]| {z }
p�times

, (2)

where ·0 denote the transpose operator and ⌃ the (full-rank)
p⇥ p covariance matrix of the asset returns. The well-known
closed-form solution to problem (2) involves the p⇥p precision
matrix, ⇧ := ⌃�1, of the asset returns (e.g., [1]):

w⇤ = (10p⇧ 1p)
�1

⇧ 1p. (3)

This shows that the estimation of ⌃, or more accurately of its
inverse ⇧, constitutes a crucial step for a successful implemen-
tation of asset allocation, as well-known and abundantly docu-
mented [20], [15]. However the estimation of large covariance
matrices is a notoriously difficult task: First, while pointwise
convergence of usual covariance estimators is guaranteed un-
der mild assumptions, often met in real-world data, estimation
variance implies significant uncertainties and dispersion on
eigenvalues and eigenvectors and thus the manipulation of
ill-conditioned matrices; Second, large matrix inversion is a
tedious, numerically unstable task, notably for ill-conditioned
matrices (as often the case in practice, when the number
of observations n is not large compared with the number
of assets p). These issues are known to significantly impair
the implementation of GMVP strategies [41], to the point
that they may underperform equally weighted portfolio (EWP)
strategies, that simply ignore asset dependence structure (i.e.,
wk = 1/p, 8k): For monthly return based US stock market,
it was estimated that GMVP requires sample size n larger
than 6, 000 months (500 years !) for a portfolio with p = 50
assets, in order to outperform EWP. This leads the authors of
[15] to pessimistically conclude that there are still many miles
to go before the gains promised by optimal portfolio choice
can actually be realized out-of-sample3.
Related work. A large amount of research efforts has been
dedicated to overcoming the alternative brute force solution
consisting of making use of the sole individual asset volatility,
thus simply neglecting all dependencies amongst assets. It was
notably reported that, compared with EWP or with GMVP
based on the sample covariance matrix Sn, the out-of-sample
volatility of GMVP can be significantly lowered by shrinking

3In the finance literature and econometrics, out-of-sample refers to perfor-
mance computed on data that were not used for parameter estimation, tuning
or learning.
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Sn [36], [16], while the details of the shrinkage themselves
have little impact [18]. However, despite reduced volatility,
the benefits of shrinkage in terms of performance measured
by financial criteria such as the Sharpe ratio (i.e., the ratio
Gain/Volatility) are still questioned (cf. e.g., [32]).

Along another line, one can surprisingly note that most
research efforts were dedicated to improving the estimation of
⌃, while neglecting the obviously key matrix ⇧. It is however
well-known that the inverse of Sn yields a poor estimate of
the precision matrix, notably when n ' p [42]. Amongst
noticeable exceptions addressing directly the estimation of
⇧, one can refer to [33], [16] using shrinkage, and to [27]
relying on sparsity and l1-optimization. Further, restrictions
on short-sales (i.e., additional constraints wk � 0, 8k) were
reported to improve GMVP performance, essentially by acting
as a shrinkage of the estimated ⌃, and thus to a better
conditioning of the effective covariance matrix [32]. Impact
on direct estimates of ⇧ remains yet undocumented.
Goals, contributions and outline. The overall goals of the
present work are to contribute to a large size study of covari-
ance/precision matrix estimation strategies in asset allocation
and to compare their performances, measured with financial
metrics and in realistic contexts. The following issues will
notably be addressed: i) Should a direct estimate of the
precision matrix be preferred to the inversion of an estimated
covariance? ii) Which class of estimates of ⌃, of ⇧ should be
preferred? in what context? iii) How do short sale restrictions
or other additional financial constraints impact performance?
To achieve such goals, the first originality of the present work
is i) to review and organize existing estimators into classes of
estimation principles (direct, factors, shrinkage and sparsity),
and ii) to derive closed-form expressions for several reliable
estimators for ⌃ and ⇧ that had never been explicitly derived
so far (cf. Section II). The second originality lies in perfor-
mance assessment: Performance will not be quantified in terms
of Mean-Squared-Error, or other classical signal processing
estimation criteria, measured from average across Monte Carlo
simulations conducted on synthetic and controlled data, as this
would imply the recourse to a reliable multivariate statistical
model for risky assets, for which a consensus is far from
existing. Instead, performance will be evaluated using several
financial performance assessment metrics (portfolio volatility,
Sharpe ratio, asset turn over, Herfindal index. . . ), computed
by applying the full collection of devised estimators to two
datasets of very different natures: i) a 15-year long large
(p = 244) subset (within the Stoxx Europe 600 index) of actual
risky assets, which constitute a relevant basket that can be used
in practice by investment firms, hereafter denoted by Dataset
I; ii) a 50-year long medium size (p = 90) dataset chosen
because considered as a benchmark data set in the literature
[16], [27], [23], hereafter denoted by Dataset II. Several
realistic scenarios will be explored, permitting the analysis of
the impacts of short sale restrictions on the estimates of both ⌃
and ⇧, as well as those of the ratio p/n quantifying estimation
difficulty. Explorations are conducted up to p/n = 3, where
estimation issues are significant, which has, to the best of our
knowledge, not been addressed in the literature. Setting and
performance are reported and commented in Section III. Future

works and conclusions are envisaged in Section IV.

II. COVARIANCE AND PRECISION ESTIMATION STRATEGIES

This section organizes the estimators for ⌃ and ⇧ retained
in this study, into four classes of statistical principles (direct,
factor based, shrinkage based, sparsity based), and provides
an overview of their main properties. It also proposes original
derivations of several estimators for both the covariance and
precision matrices.

A. Direct sample estimates

The sample covariance matrix Sn is the standard estimator,

⌃̂(1) := Sn (4)

with Sn(k, l) =

1

n� 1

"
nX

t=1

rk(t) · rl(t0) � 1

n

 
nX

t=1

rk(t)

!
·
 

nX

t=1

rl(t
0)

!#
,

(5)

However, it suffers from two main deficiencies. First, when
p/n > 1, ⌃̂(1) is not full rank, and hence not invertible, thus
requiring the use of the Moore-Penrose generalized inverse,
denoted ·+ , to estimate the precision matrix:

⇧̂(1) :=
h
⌃̂(1)

i+
. (6)

Second, even when ⌃̂(1) is full rank, its inverse only provides
a biased estimator of ⇧.

Efficient alternatives were considered, consisting of neglect-
ing all dependencies amongst assets. The simplest replaces Sn

with a scalar – actually the identity – matrix:

⌃̂(2) := Idp and ⇧̂(2) := Idp , (7)

in which case GMVP simplifies to EWP. The diagonal matrix
of the sample variances (i.e., the volatilities of each asset
independently) is another straightforward possibility:

⌃̂(3) := diag
⇣
⌃̂(1)

⌘
and ⇧̂(3) :=

h
⌃̂(3)

i�1
. (8)

The use of ⌃̂(2) or ⌃̂(3) yields necessarily positive weights
wk � 0, 8k, leading de facto to a so-called long-only strategy
(no short sales).

The robust estimates detailed below constitute tentative
trade-offs between estimates of the full dependence structure
which show poor performance versus estimates that discard
all dependencies. These direct estimates will thus provide
benchmark strategies for the horse race in section III.

B. Factor

1) Factor principle: In order (i) to reduce the variance of
estimator Sn, (ii) to ensure full rank estimates of ⌃ even
when p/n > 1 and (iii) to get a reliable estimate of ⇧, the
factor models provide a versatile approach. The simplest case
is derived from the Sharpe market model [47] where the return
of the market portfolio is assumed to be the single relevant
factor. More general models based on three or four factors
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can provide better estimations for ⌃ specifically in the context
of Dataset II [9], [22]. In this case the factors are taken as
exogenous. Alternatively, when factors are unknown or unob-
servable, an approximate factor structure can be reconstructed
from a principal component (or singular value) analysis [10].
Then, the factors are endogenously fixed.

2) Exogenous factors: For simplicity, we consider the
single index market model as representative of the class
endogenous factor models:

rk(t) = ↵k + �k · rm(t) + "k(t), (9)

where rm(t) denotes the return on a market index representa-
tive of the class of assets under consideration, e.g. the Stoxx
Europe 600 index for Dataset I and the S&P 500 for dataset
II, on day t. Parameters ↵ = (↵k)

p
k=1 and � = (�k)

p
k=1

are the p-vectors of intercepts and factor loadings while
"(t) = ("k(t))

p
k=1 is the p-vector of idiosyncratic residuals

with diagonal covariance matrix �. For simplicity, let us
assume iid normal residuals. The covariance and precision
matrices then read:

⌃ = �2
m��0 +� and ⇧ = ��1 � ��1� · �0��1

1
�2
m

+ �0��1�
, (10)

where �2
m = Var rm.

Plug-in estimators can be obtained by naive replacement
of � and � by their Ordinary Least Square (OLS) unbiased
estimators. However, such plug-in estimators do not yield
unbiased estimators for ⌃ and ⇧. Instead, taking into account
the independence of the OLS estimators of � and � under
normality and denoting by �̂2

m the unbiased estimate of �2
m,

we derive:

E
h
�̂2
m�̂�̂0

i
= �2

m��0 +
1

n� 1
·� , (11)

which shows that the plug-in estimator of ⌃ exhibits a finite
sample bias equal to (n� 1)�1�. A bias-corrected estimator
of the covariance matrix reads:

⌃̂(4) := �̂2
m�̂�̂0 +

n� 2

n� 1
· �̂ , (12)

which shows that ⌃̂(4) only differs from the plug-in estimator
by the multiplicative factor (n�2)/(n�1), stemming from the
fact that the entries of �̂ are �2-distributed with n�2 degrees
of freedom. As a consequence, this result generalizes to the
case of a l-factor model by replacement of the multiplicative
factor (n� 2)/(n� 1) by (n� l � 1)/(n� 1) in Eq.(12).

We can also propose an alternative estimator to the plug-
in estimator for ⇧. To correctly compute (3), it is enough to
obtain an estimator of ⇧ up to a multiplicative constant, hence
of the numerator of ⇧:

�
1 + �2

m · �0��1�
�
·��1 � �2

m ·��1� · �0��1 . (13)

Taking into account the independence of the OLS estimators
of � and � under normality, we can explicitly show that:

E
h
�̂2
m

⇣
�̂0�̂�1�̂

⌘
�̂�1 � �̂2

m�̂�1�̂�̂0�̂�1
i
=

✓
n� 2

n� 4

◆2

·
 
�2
m

�
�0��1�

�
��1

� �2
m��1��0��1 + p�1

n�1�
�1

!
,

(14)

and

E
h
�̂2
m · �̂0�̂�1�̂

i
=

n� 2

n� 4


�2
m · �0��1� +

p

n� 1

�
. (15)

Hence a suitable estimator of the precision matrix reads:

⇧̂(4) :=
n� 4

n� 2
· �̂�1 �

⇣
n�4
n�2

⌘2
�̂2
m�̂�1�̂�̂0�̂�1 � �̂�1

n�1

1 + n�4
n�2 · �̂2

m�̂0�̂�1�̂ � p
n�1

.

(16)
In the limit n ! 1, with p fixed, ⇧̂(4) converges towards
the plug-in estimator. But, when both n and p grow so that
limn!1 p(n)/n ! � > 0, in difference to the case of the
covariance matrix, the correction in the denominator does not
vanish and ⇧̂(4) does not converge to the plug-in estimator.

3) Endogenous factors: When the factors are unobservable,
one has to rely on Principal Component Analysis (PCA)
or Singular Value Decomposition (SVD), from which many
different estimators can be derived. We define two such pairs.
For consistency with the previous approaches, we consider⇣
⌃̂(5), ⇧̂(5)

⌘
whose definition follows that of

⇣
⌃̂(4), ⇧̂(4)

⌘

with the return on the market portfolio rm replaced by the
first SVD factor, extracted from the p⇥n matrix which stacks
the time series of the returns rk.

We further define ⌃̂(6), obtained from ⌃̂(4), using the two
first factors of the SVD. However, we are so far not able to
derive theoretically a two-factor estimator for ⇧, ⇧̂(6) will thus
not be considered.

C. The shrinkage approach
1) Shrinkage principle: Shrinkage was originally intro-

duced in [49] to replace the full dependence estimator Sn

by an optimal mix between Sn and a target, user supplied,
matrix M (e.g., the choice M = ⌃̂(3) = DiagSn corresponds
to mixing full dependence structure with the absence of any
dependence):

⌃̂shrink = (1� ⇢)Sn + ⇢M. (17)

Recently, [36] considered shrinkage toward a scalar matrix
and toward the covariance matrix implied by Sharpe’s market
model (9) while [2] considered shrinkage toward a covari-
ance matrix derived from a latent factor model estimated
by principal component analysis. Further, [18] suggests that
the simplest approach to shrinkage provides the best results.
However, recent advances show that better approximations of
the covariance matrix are achieved when the fat-tailed nature
of data is accounted for [11], [12]. Non-linear shrinkages either
based on an upper limit of the condition number of the esti-
mated covariance matrix [51], [52] or on the Marcenko-Pastur
equation [39] are shown to provide significant improvements
[37]. The case of linear shrinkage is considered here only.

In principle, the optimal shrinkage parameter ⇢ is obtained
from the minimization of the quadratic loss function, quanti-
fying the bias/variance trade-off:

L (⇢,M) = E
h
||⌃̂shrink � ⌃||2

i
. (18)

The shrinkage parameter ⇢ for several classical models can be
found in [46]. Various other merit functions were considered to
derive optimal ⇢s, as alternatives to the criterion in Eq. 18[16].
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2) Covariance matrix: Most approaches to shrinkage rely
on criterion (18) to select the optimal ⇢, and plug-in es-
timates replacing ensemble average with sample moments
are commonly used (cf. Eq. 32 in Appendix A and [16]).
Instead, we make use of the Oracle Approximating Shrinkage
(OAS) estimator, introduced in [11] (for the case of the
shrinkage toward the identity matrix), because its performance
are actually close to those achieved with the oracle shrinkage
estimator whose implementation would require the knowledge
of the true ⌃.

Lemma 1 (Chen et al. 2010, Theorem 3). Under the
assumption of iid normally distributed asset returns, given the
unbiasedness of Sn, the OAS estimator of Sn toward a scaled
– by the average across assets volatility – identity matrix,
reads:4

⌃̂(7) = ⇢̂ · TrSn

p
· Idp + (1� ⇢̂) · Sn, (19a)

⇢̂ = min

8
<

:

⇣
1� 2

p

⌘
Tr
�
S2
n

�
+ (TrSn)

2

⇣
n� 2

p

⌘
·
h
Tr (S2

n)�
(TrSn)

2

p

i , 1

9
=

; . (19b)

When n ! 1, ⇢̂ ! 0 showing that Sn does not need im-
provement by shrinkage. Conversely, for small n, the leftmost
term within the curl-brackets in (19b) can be larger than one,
indicating that Sn cannot be reliably used.

We propose here to extend the dynamical system iterative
procedure underlying the derivation of OAS to the shrinkage
of Sn toward the diagonal Volatility matrix, which, to the best
of our knowledge, has so far never been achieved (detailed
derivation is given in Appendix A, Eqs. 33-40):

Lemma 2. Under the assumption of lemma 1, the OAS
estimator for ⌃ toward a diagonal matrix (consisting of the
asset volatilities) reads:

⌃̂(8) = ⇢̂ ·DiagSn + (1� ⇢̂) · Sn, (20a)

⇢̂ = min

8
>>>>><

>>>>>:

Tr
�
S2
n

�
+ (TrSn)

2

� 2Tr
h
(DiagSn)

2
i

n ·
⇣
Tr (S2

n)� Tr
h
(DiagSn)

2
i⌘ , 1

9
>>>>>=

>>>>>;

. (20b)

3) Precision matrix: The shrinkage approach can also be
successfully applied to the estimation of the precision matrix
⇧. When Sn is well-conditioned, i.e., when p/n < 1, [28]
provides several random shrinkage estimators that outperform
the naive estimator ⇧̂ = (Sn)�1. The proposed strategy is,
in essence, quite close to the strategy applied in [36] for the
shrinkage of ⌃. When Sn is singular, [34] recently provides a
shrinkage method to improve on the classical Moore-Penrose
generalized inverse.

In the context of portfolio optimization, the shrinkage of
⇧ has only been recently considered in [33], [16], often with
recourse to non-parametric cross-validation for the estimation
of the shrinkage parameter. We depart from such approaches

4This reproduces a result in [11] but for two corrections: i) n ! n � 1

accounts for the expectation being actually unknown, ii) a recurrent typo in
[11](III.C) requires to replace n+1�2

p with n+1� 2
p and 1�2

p with 1� 2
p .

and elaborate on the dynamical system technology to explicitly
derive two closed-form OAS estimator for ⇧ when Sn is
well-conditioned and its inverse admits a finite second order
moment, i.e., when n > p+ 4:

Lemma 3. Under the assumption of iid normally distributed
asset returns, given the unbiased sample precision matrix
estimator Pn = n�p�2

n�1 ·S�1
n with finite second order moment,

the OAS estimator for shrinking ⇧ toward an identity (inverse
averaged volatility) matrix, when n > p+ 4, reads:

⇧̂(7) = ⇢̂ · TrPn

p
· Id + (1� ⇢̂) · Pn, (21a)

⇢̂ = min

8
>>>>>>><

>>>>>>>:

n�p� 2
p (n�p�2)

n�p�1 · Tr
�
P 2
n

�

+
n�p�2� 2

p

n�p�1 · (TrPn)
2

h
n�p� 2

p (n�p�2)

n�p�1 + n� p� 4
i

⇥
h
Tr
�
P 2
n

�
� (TrPn)

2

p

i

, 1

9
>>>>>>>=

>>>>>>>;

.(21b)

Lemma 4. The OAS estimator for shrinking ⇧ toward the
diagonal matrix of inverse volatilities when n > p+ 4 reads:

⇧̂(8) = ⇢̂ ·Diag (Pn) + (1� ⇢̂) · Pn, (22a)

⇢̂ = min

8
>>>>>>>>>><

>>>>>>>>>>:

2 · Tr
⇣
Diag (Pn)

2
⌘

+ n�p
n�p�1 · Tr

�
P 2
n

�

+ n�p�2
n�p�1 · (TrPn)

2

⇣
n�p

n�p�1 + n� p� 4
⌘

⇥
h
Tr
�
P 2
n

�
� Tr

⇣
Diag (Pn)

2
⌘i

, 1

9
>>>>>>>>>>=

>>>>>>>>>>;

.(22b)

The original and technical proofs for these two lemma are
fully detailed in Appendix B.

The case where Sn does not admit a regular inverse is
more difficult to handle, as the sample precision matrix Pn

is usually estimated using the Moore-Penrose generalized
inverse, whose statistic follows the generalized inverse Wishart
distribution [5]. To the best of our knowledge, the moments of
that distribution do not admit known closed-form expressions
(except for cross-sectionally uncorrelated returns) [13]. The
derivation of the shrinkage estimators ⇧̂(7) and ⇧̂(8) in the
singular case, (n < p+ 4), is hence left to future work.

D. The sparsity approach

1) Sparsity principle: The celebrated principle of parsi-
mony (Occam’s razor) has also long ago been summoned
for large covariance or precision matrices estimation [17],
[14], [25], [6], [8], [38]. Such a calling upon parsimony in
that context may be motivated either from an a priori sparse
modeling or from estimation issues.

Assuming a priori sparse dependence models, i.e., the
fact that, beyond diagonal terms, only a small (compared
to p(p � 1)) number of entries of ⌃ or ⇧ theoretically
differ from zero may first stem from some theoretical or
background knowledge on the system governing the data
at hand: Assets belonging to a given class shall be related
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together while assets pertaining to different classes are more
likely to be independent. It then remains an open and difficult
question to decide whether such a relative independence of
classes of assets is better modeled with non diagonal zeroed
entries in the covariance or in the precision matrix. When the
covariance matrix is chosen sparse, its corresponding inverse,
the precision matrix, is usually not sparse (and vice-versa).
As a consequence, assuming that either the covariance or
the precision matrix is sparse amounts to choosing from the
very beginning between two different structural models. Sparse
covariance is equivalent, in a Gaussian framework, to consider
that the corresponding covariates are independent. It is likely
more relevant when one considers assets traded on different
markets with weak cross-market correlations, thus yielding
block-sparse covariance matrices. Conversely, sparse precision
corresponds, within that same framework, to covariates that are
conditionally independent. It thus appears more naturally when
assets returns can be assumed to be linearly related, so that
given the knowledge of a subset, the remainders are uncorre-
lated. Beyond these theoretical considerations, the numerical
experimentations and analyses reported in Section III below
can be read as elements of answers, in the context of practical
portfolio allocation performance, to the challenging issue of
deciding between a sparse structure a priori imposed to ⌃ or
⇧.

The second category of reasons motivating sparsity in
dependence matrices stems from the well-known screening
effect that accompanies large covariance or precision matrix
estimation [30]: For large matrices, estimated from short
sample size, i.e., when n > p or even when n . p, estimation
performance for the non diagonal entries are such that it cannot
be decided whether small values correspond to actual non
zero correlations or to estimation fluctuations, and thus noise.
Therefore, small values should be discarded and large values
only are significantly estimated and should be further used.

For both issues – sparse modeling or estimation issues –
the practical challenge is to decide how many and which non
diagonal entries should be set to zero. A natural way to enforce
sparsity is to resort to direct thresholding of the non diagonal
entries of the estimated matrices (cf. e.g., [4], [44], [7], [53]).
While this received significant theoretical developments and
laid to success in numerous applications, this yields covariance
matrices that are not a priori positive definite for finite
sample sizes [26], whose inverse thus does not correspond
to a Precision matrix.5 Experiments not reported here lead
us to observe that such estimates yield poor asset allocation
performance and thus to conclude that they are not suited
for that particular purpose. Instead, sparsity is enforced by
minimizing a cost function, balancing a data fidelity term and
a penalty term based on the l1-norm of the non diagonal entries
of the estimated matrix, thus following the large bulk of on-
going efforts aiming to address sparse matrix estimation issues,
cf. [17], [14], [25], [6], [8], [38] for ⌃ and more recently [3],
[45] for ⇧.

5Consistency of threshold estimates have been studied in [4], which proves
that consistency can be achieved when the true covariance matrix is sparse,
the variables are Gaussian or sub-Gaussian, in the limit (log p)/n ! 0.

2) Precision matrix: For ⇧, the state-of-the-art formulation
of l1-norm sparsity induced estimator is now referred to as the
Graphical Lasso [25]: It balances the negative log-likelihood
function, thus relying on the Graphical Gaussian Model frame-
work, and hence following the original formulation due to [17],
with an l1 penalization of ⇧̂:

⇧̂(9) := argmin
⇧

Tr(Sn⇧)� log det⇧+ � · ||⇧||1, (23)

where � denotes a penalization parameter to be selected.
Indeed, l1 penalization has been observed to act as an efficient
surrogate of l0 penalization, that explicitly counts non zero
entries, yet results in a non convex optimization problem.
Instead, estimating ⇧ from Eq. (23) thus amounts to solving
a convex optimization problem, and practical solutions were
described in the literature, the two most popular relying on
the so-called path-wise coordinate descent [3] or Alternating
Direction Method of Multipliers algorithms [6]. In the present
contribution, use is made of this latter algorithm. Sparse
estimators for ⇧ were recently used in the context of portfolio
selection in [27].

3) Covariance matrix: Sparsity can be imposed onto the
covariance matrix through an equivalent formulation:

⌃̂(9) := argmin
⌃

Tr(Sn⌃
�1) + log det⌃+ � · ||⌃||1, (24)

that however results in a non-convex problem and is hence
far more difficult to solve. It has however been observed that
the argument in Eq. (24) can actually be split into a concave
and a convex function, and that minimization can thus be
performed by a majorization-minimization algorithm [3]. In
conjunction with a factor-based approach, sparse estimation of
the error covariance matrix was recently applied in the context
of portfolio selection in [23], [24].

III. COMPARED PORTFOLIO SELECTION PERFORMANCE

A. Datasets and performance criteria

1) Datasets: To review and compare performance in
GMVP strategies, the 9 different estimators for ⌃ and ⇧,
studied in Section II above, have been applied to two datasets
of very different natures and sizes.

Dataset I is chosen as a realistic and typical real-world bas-
ket of assets portfolio managers could actually use. It consists
of the daily returns of the p = 244 largest capitalizations of
the Stoxx Europe 600 index, for a period of 15 years, from
2000, May 1st to 2015, August 31st, i.e., for 40000 trading
days, thus constituting a realistic set of 244⇥40000 = 9760000
observations.
Dataset II consists of the daily returns of the 100 value-
weighted Fama and French US equity portfolios sorted by
size and book-to-market value starting 1926, July 1st.6,7 This
dataset is chosen here because it is considered a benchmark
in previous academic articles dedicated to covariance matrix
estimation in a financial context (e.g., [16], [27]). To minimize

6Data available at http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/
ftp/100 Portfolios 10x10 Daily TXT.zip

7See http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/Data Library/
det 100 port sz.html for details on the portfolios construction

http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/ftp/100_Portfolios_10x10_Daily_TXT.zip
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/ftp/100_Portfolios_10x10_Daily_TXT.zip
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/Data_Library/det_100_port_sz.html
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/Data_Library/det_100_port_sz.html
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the impact of the significant amount of missing data, analysis
is focused on p = 90 portfolios and on the time period
from 29/04/1955 to 31/08/2015, i.e. 150188 trading days,
which delivers a balanced panel of 90⇥ 150188 = 103660920
observations.

2) Strategy set up: A crucial issue in portfolio allocation
lies in stock market time series being highly non-stationary,
thus naturally raising the question of assessing the typical
stationarity time scale. This question is however ill-posed
and its correct formulation requires the explicit and detailed
formulation of the problem at stakes. In GMVP strategies,
for the allocation a time t, the estimation of ⌃ and ⇧ is
conducted using a sliding winding along the past n days. The
non-stationarity issue thus translates into selecting the size n
that achieves optimal performance. The question needs to be
further specified with respects to the size of the covariance
matrix p ⇥ p and the chosen performance metrics. There
has been several interesting attempts to tune automatically
and adaptively the optimal sliding window size to the data,
whose results yet remain difficult to interpret. The focus
is thus here on the comparisons of the performance of the
different estimators themselves, and not on the evaluation
of the adaptive tuning strategies. Therefore, to avoid am-
biguities in comparisons, performance are hence measured
for different but pre-selected window sizes. Performance are
evaluated for several ratios p/n, varied from 1/2 < 1 (Sn

is a full rank matrix) up to 3 > 1 (Sn is highly singular
but this corresponds to realistic portfolio selection operational
frameworks), which goes far beyond previous studies. For
Dataset I: p/n = 1/2, 3/4, 1.1, 2, corresponding to 24, 18,
12 and 6 months of trading days respectively. For Dataset II,
p/n = 3/4, 1, 2, 3, corresponding to 6, 4.5, 3 and 1.5 months
of trading days respectively. For both datasets, portfolios are
rebalanced once a week (i.e, one day out of five). For ease of
comparisons, transaction costs are not accounted for.

3) Parameter tuning: The three first classes (direct, factor,
shrinkage) of proposed estimators do not imply any parameter
tuning. The Sparsity estimator class does require the tuning
of parameter �. There has been several interesting work
investigating automated and adaptive tunings of �, e.g., [43].
Again to avoid blurring in performance comparisons stemming
from the behavior of the tuning procedure itself, GMVP has
been performed systematically for a large collection of a priori
fixed �, over the first half of Dataset I only. The same �,
without further tuning is used for the second half of Dataset
I and for the full duration of Dataset II. Results are reported
for � yielding the best GMVP performance only, thus slightly
favoring that class. It has been checked that this induces a
mild bias only as the it was observed that performance vary
only weakly and smoothly on a large range of values of �.

4) Constraints from short sale restrictions: For realistic
performance assessment in a real-world financial set up, we
run simulation both with and without short sale restrictions.
Forbidding short sells (also referred to as long only portfolios)
means that the weights wk are subjected to constraints of the
form wk � 0, that can be read as a generalized inequality over

the nonnegative orthant:

w⇤ = argmin
w

w0⌃w, s.t. 10pw = 1, and w � 0, (25)

Solving Eq. 25 requires the inversion of very large matrices
consisting of the (large) covariance matrix further augmented
with blocks accounting for the constraints (see Supplementary
Material for further details). To address both issues of inverting
such a large matrix and of accommodating estimates of either
⌃ or of ⇧, we have developed an original block inversion
procedure. When estimators for ⌃ are considered, the (pseudo-
) inverse of ⌃̂ is used. When estimators for ⇧ are considered,
estimates ⇧̂ are directly used to replace the corresponding
block inverse. Interested readers are further referred to Sup-
plementary Material.

5) Minimization procedures: The minimization procedures
have been designed by ourselves, both for the constrained and
unconstrained cases. The sparse precision estimator ⇧̂(9) in
Eq. 23 has been implemented after the procedure described
in [31]. We obtained the sparse covariance estimator ⌃̂(9) in
Eq. 24 from [3], and the corresponding procedure has kindly
been made available to us by the authors.

6) Performance assessment: Estimation performance are
classically estimated in terms of Mean-Squared-Error (MSE),
which however requires that ground truth and thus that esti-
mation is applied to synthetic data, using a priori prescribed
models. In stock market modeling, there is no general con-
sensus on the validity of specific models, notably because of
the stationarity issue discussed above. Therefore, the relevance
of performance assessed on synthetic data remains always
controversial with respect to their validity when applied to real
financial data. To overcome this difficulty, it is chosen here to
assess performance directly on financial data and to compare
efficiency of the proposed estimators making use of well-
accepted and practically meaningful financial performance
assessment metrics: GMVP aims to minimize the standard
deviation (volatility, V) of the achieved portfolio, this is
hence a natural criterion for performance assessment ; Sharpe
ratio (S), that balances the gain (average return) and the
risk (average volatility), is also considered a crucial index in
portfolio management; Asset turn over (TO),

TO =
1

n� 1

n�1X

t=1

pX

k=1

|wk(t+ 1)� wk(t)|, (26)

is also critical as changes in allocation imply transaction costs
and further issues in actually achieving the allocation (liquid-
ity, order operations,. . . ), a low turnover is hence preferred by
practitioners ; The inverse of the Herfindal index (H�1),

H�1 =

 
1

n

nX

t=1

pX

k=1

w2
k(t)

!�1

, (27)

is used to measure the portfolio diversification (that is the
larger H�1 the larger the number of assets the portfolio is
actually invested on). This is another important index for risk
assessment, because too concentrated portfolios are usually
regarded as lacking robustness and often result in very unstable
allocations which yield high (and, in practice, expensive)



7

turn-over rates. Out-of-sample (also referred to as ex-post)
performance only are reported.

B. Performance comparisons

For space reasons, portfolio selection performance restricted
to two ratios n/p only per dataset are presented in the main
body of the text: For Dataset I, p/n = 2 and 1, for ⌃ and ⇧ in
Tables I and II respectively ; For Dataset II, p/n = 3 and 1, for
⌃ and ⇧ in Tables III and IV respectively. Empirical standard
errors (that could serve for statistical pairwise comparisons)
reported every second line complement empirical means, both
obtained as average over the entire observation period. Portfo-
lio selection performance are further reported exhaustively, and
following a different organization, in Supplementary Material.
Interested readers are referred to Supplementary Material for
compared illustrations of estimated dependence matrices and
portfolio Net Asset Values. In Tables II and IV, N/A is used
to indicate when Precision estimators are not available.

1) Direct versus robust estimates: Focusing on the Sharpe
ratio S as the major practical performance index, let us
first consider the direct estimates. Estimate ⌃̂(1) aiming at
the full dependence differs in behavior from ⌃̂(2) or ⌃̂(3)

neglecting all dependencies: Under ⌃̂(1), GMVP allocation
is achieved by a small number of long-short positions on
highly correlated pairs of assets (low H�1), pairs that however
keep changing at each allocation (high TO), a hence very
unstable and undesired behavior, while ⌃̂(2) or ⌃̂(3) yield
constant investment on a large number of assets (high H�1).
Under short-sale restrictions, long-short positions on highly
correlated pairs are no longer possible and ⌃̂(1) then follows
the same behavior as ⌃̂(2) or ⌃̂(3). All together, performance
yield by ⌃̂(1) are poorer than those achieved with ⌃̂(3), thus
showing that a crude attempt to estimate the full dependence
structure might be worse than neglecting all dependencies.
Further, Tables I to IV, together with those reported in Supple-
mentary Material, unambiguously show that direct estimates
are significantly outperformed by robust estimates, irrespective
of the robustness principle (factor, shrinkage, sparsity) and of
the ratio p/n, thus showing the clear and significant need and
benefit of robust estimates, as an optimal trade-off between
a non robust estimation of the full dependence structure and
neglecting all dependencies.

2) Within ⌃̂: For the estimators of ⌃, Tables I and III show,
consistently for both datasets, that Factor and Shrinkage both
yield much improved performance, compared to direct esti-
mates, while Sparsity is not operative in delivering improved
performance, and this irrespective of the ratio p/n. Shrinkage-
based and factor-based estimators are however not equivalent
as, when n becomes large, shrinkage reduces volatility while
factor estimates favor the Sharpe ratios. Furthermore, shrink-
age, compared to factor, yields concentrated portfolios with
high turn-overs. For both classes of estimators, diversification
(H�1) does not depend on p/n, while the turn-over decreases
notably when p/n decreases. While the performance of Factor
and shrinkage show overall comparable performance, Factor
does slightly better for Dataset I while Shrinkage performs
best for Dataset II. This difference can be ascribed to the

TABLE I
GMVP Performance – Dataset I: Stoxx Europe 600 – ⌃.

V: volatility, S: Sharpe ratio, TO: Turn Over, H�1: inverse Herfindal
index (diversification). Top: Long/Short allocation, Bottom: Long Only.

Best performers are highlighted in bold.

n = 125, p/n ' 2 n = 250, p/n ' 1
V S TO H�1 V S TO H�1

⌃ - Long/Short
Direct

⌃̂(1) 296.3 0.35 363.4 0.11 82.35 -0.02 48.42 0.15
(39.74) (0.74) (1508.56) (0.17) (8.51) (0.36) (33.90) (0.13)

⌃̂(2) 19.65 0.67 0.00 244.0 19.65 0.67 0.00 244.0
(0.45) (0.28) (0.00) (0.00) (0.44) (0.27) (0.00) (0.00)

⌃̂(3) 15.71 0.67 0.04 164.6 16.15 0.67 0.02 172.8
(0.37) (0.28) (0.02) (21.59) (0.41) (0.25) (0.01) (17.92)

Factor

⌃̂(4) 9.31 1.19 0.19 29.78 10.02 1.18 0.11 28.24
(0.23) (0.28) (0.12) (15.71) (0.30) (0.31) (0.07) (12.70)

⌃̂(5) 9.42 1.09 0.18 34.28 10.00 1.11 0.10 32.59
(0.24) (0.27) (0.11) (18.57) (0.27) (0.29) (0.07) (15.06)

⌃̂(6) 8.56 1.11 0.25 29.09 9.05 1.22 0.15 26.20
(0.21) (0.24) (0.16) (16.59) (0.24) (0.25) (0.12) (10.77)

Shrinkage

⌃̂(7) 8.07 1.18 0.98 15.26 8.63 0.91 1.12 8.12
(0.19) (0.24) (0.38) (8.93) (0.18) (0.25) (0.47) (4.32)

⌃̂(8) 7.43 1.14 0.97 10.23 8.15 0.85 1.06 6.64
(0.20) (0.29) (0.38) (5.72) (0.19) (0.27) (0.43) (3.28)

Sparsity

⌃̂(9) 249.7 0.20 134.5 0.05 16.15 0.67 0.02 172.8
(19.26) (0.62) (98.48) (0.08) (0.38) (0.23) (0.01) (17.92)

⌃ - Long Only
Direct

⌃̂(1) 9.14 1.06 0.24 10.27 9.19 1.14 0.13 10.51
(0.23) (0.27) (0.14) (5.83) (0.23) (0.29) (0.09) (5.02)

⌃̂(2) 19.65 0.67 0.00 244.0 19.65 0.67 0.00 244.0
(0.49) (0.26) (0.00) (0.00) (0.44) (0.25) (0.00) (0.00)

⌃̂(3) 15.74 0.67 0.04 165.6 16.18 0.67 0.02 173.7
(0.40) (0.25) (0.02) (21.48) (0.37) (0.26) (0.01) (17.87)

Factor

⌃̂(4) 9.18 1.10 0.17 15.17 9.25 1.21 0.10 14.09
(0.26) (0.27) (0.11) (11.48) (0.23) (0.26) (0.07) (8.09)

⌃̂(5) 9.33 1.02 0.17 17.16 9.46 1.14 0.10 15.74
(0.24) (0.25) (0.10) (14.59) (0.24) (0.26) (0.06) (10.07)

⌃̂(6) 9.18 1.04 0.18 15.53 9.23 1.18 0.10 13.87
(0.23) (0.28) (0.12) (13.25) (0.25) (0.27) (0.08) (7.51)

Shrinkage

⌃̂(7) 9.21 1.18 0.22 16.54 9.21 1.20 0.13 13.08
(0.22) (0.24) (0.12) (10.62) (0.20) (0.27) (0.08) (6.32)

⌃̂(8) 9.10 1.08 0.23 11.50 9.18 1.15 0.13 11.08
(0.24) (0.23) (0.13) (7.13) (0.22) (0.29) (0.08) (5.42)

Sparsity

⌃̂(9) 12.41 0.85 0.30 68.88 16.18 0.67 0.02 173.7
(0.33) (0.26) (0.06) (20.15) (0.43) (0.28) (0.01) (17.87)

stronger departure from the normality assumption for Dataset I
relative to Dataset II. Indeed, Dataset I is made of individual
stocks with fat-tail return distributions while Dataset II is
comprised of portfolios, hence with return distributions closer
to normality by virtue of the Central Limit Theorem.

3) Within ⇧̂: For the estimators of ⇧, the first striking
observation from both datasets lies on the impressive perfor-
mance of sparsity: Volatility is remarkably low with a quite
large Sharpe ratio, irrespective of p/n. This is in agreement
with results reported in [27] on different datasets and settings.
Second, Factor yields decent performance (yet lower than
those achieved with Sparsity). Third, consistently for both
datasets, shrinkage performs poorly. This likely stems from
the choice made for the target matrix, as DiagPn. Indeed,
the inversion of Sn to obtain Pn already yields significant
estimation noise, that may have been avoided by considering
(DiagSn)�1 as a target matrix. Also, the departure from the
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TABLE II
GMVP Performance – Dataset I: Stoxx Europe 600 – ⇧.

Same legend as table I.

n = 125, p/n ' 2 n = 250, p/n ' 1
V S TO H�1 V S TO H�1

⇧ - Long/Short
Factor

⇧̂(4) 9.71 1.15 0.22 26.44 10.30 1.16 0.11 26.47
(0.21) (0.26) (0.14) (15.22) (0.27) (0.28) (0.08) (12.52)

⇧̂(5) 85.77 0.44 3.07 64.57 10.09 1.10 0.10 33.00
(17.75) (0.31) (16.80) (66.63) (0.29) (0.24) (0.07) (14.59)

Shrinkage

⇧̂(7) N/A N/A N/A N/A 19.62 0.62 0.26 223.7
(0.48) (0.28) (0.40) (45.78)

⇧̂(8) N/A N/A N/A N/A 18.39 0.56 0.74 87.94
(0.50) (0.28) (0.30) (25.69)

Sparsity

⇧̂(9) 7.05 1.45 0.41 18.65 7.16 1.57 0.22 19.36
(0.22) (0.27) (0.16) (8.75) (0.18) (0.28) (0.11) (7.96)

⇧ - Long Only
Factor

⇧̂(4) 45.01 0.33 0.22 12.96 15.14 0.86 0.14 2.96
(1.12) (0.27) (0.16) (37.55) (0.67) (0.24) (0.17) (3.18)

⇧̂(5) 35.30 0.29 0.12 80.67 9.94 1.07 0.10 14.85
(0.96) (0.24) (0.10) (53.95) (0.28) (0.26) (0.07) (11.78)

Shrinkage

⇧̂(7) N/A N/A N/A N/A 19.66 0.61 0.09 239.3
(0.48) (0.28) (0.11) (13.10)

⇧̂(8) N/A N/A N/A N/A 18.51 0.55 0.60 104.5
(0.48) (0.26) (0.14) (24.00)

Sparsity

⇧̂(9) 8.96 1.16 0.19 13.88 9.13 1.23 0.10 14.40
(0.22) (0.25) (0.11) (8.67) (0.26) (0.31) (0.07) (7.27)

normality assumption may lower the efficiency of the AOS
estimators.

4) Impact of short sale restrictions: Short sale restrictions
impact portfolio selection in several ways, consistent for both
datasets and irrespective of p/n. i) The overall performance
obtained from all estimators are consistently degraded in
terms of Sharpe ratio and show lower turn over and larger
diversification (lower H�1). ii) The differences between the
performance of the robust estimates are much less significant.
iii) The differences in performance between direct and robust
estimates are less significant (yet still clearly to the advantage
of the latter group). These observations can be interpreted in
two ways. First, they can be read as direct consequences of
the restriction of the space of allowed solutions. Second, in
consistency with results reported in [32], where it is concluded
that constraints eases the optimization process, notably when
Sn is ill-conditioned, short sale can be understood as an
implicit regularization in estimation procedures. Indeed, in
absence of short sale restrictions, Solution (3) to Problem
(2) can be obtained via a classical Lagrangian formulation,
L(w,�) = w0⌃w + �

�
10pw � 1

�
, (with � a Lagrange multi-

plier), whose resolution is straightforward, yielding:

2⌃w + � · 1p = 0.

In the presence of short sale constraints, the Lagrangian for-
mulation becomes L(w,�, ⌫) = w0⌃w + �

�
10pw � 1

�
� ⌫0w,

(with � 2 R and ⌫ 2 Rp
+ the Lagrange multipliers). Deriving

the Karush-Kuhn-Tucker conditions of optimality yields (cf.
Supplementary Material)

2


⌃+Diag(⌫)� 1

2
·
�
1p⌫

0 + ⌫10p
��

w + � · 1p = 0 , (28)

TABLE III
GMVP Performance – Dataset II: Fama-French Portfolios – ⌃.

Same legend as table I.

n = 30, p/n ' 3 n = 90, p/n ' 1
V S TO H�1 V S TO H�1

⌃ - Long/Short
Direct

⌃̂(1) 211.3 0.66 561.6 0.12 207.6 -1.22 150.9 0.03
(47.20) (1.04) (2081.58) (0.21) (87.28) (2.77) (108.74) (0.03)

⌃̂(2) 15.26 0.99 0.00 90.00 15.26 0.99 0.00 90.00
(0.27) (0.13) (0.00) (0.00) (0.26) (0.14) (0.00) (0.00)

⌃̂(3) 13.61 1.14 0.11 67.45 13.79 1.13 0.04 71.67
(0.20) (0.13) (0.04) (8.33) (0.22) (0.12) (0.02) (7.21)

Factor

⌃̂(4) 8.45 2.20 0.84 8.06 8.79 2.20 0.35 6.63
(0.25) (0.14) (0.45) (4.62) (0.30) (0.16) (0.24) (3.47)

⌃̂(5) 7.95 2.30 0.87 7.90 8.30 2.35 0.37 6.20
(0.21) (0.17) (0.44) (5.22) (0.25) (0.17) (0.26) (2.83)

⌃̂(6) 7.23 2.59 1.08 6.79 7.39 2.58 0.50 5.25
(0.11) (0.14) (0.51) (3.78) (0.13) (0.14) (0.34) (2.32)

Shrinkage

⌃̂(7) 7.03 2.64 1.70 6.36 7.13 2.60 1.82 2.40
(0.14) (0.15) (0.64) (4.91) (0.12) (0.15) (0.68) (1.41)

⌃̂(8) 6.90 2.77 1.79 4.64 7.05 2.64 1.72 2.24
(0.15) (0.15) (0.64) (3.19) (0.17) (0.18) (0.68) (1.13)

Sparsity

⌃̂(9) 17.32 0.88 1.45 66.06 13.70 1.14 0.09 71.08
(1.69) (0.18) (28.71) (9.76) (0.22) (0.14) (0.85) (8.47)

⌃ - Long Only
Direct

⌃̂(1) 9.45 2.09 0.69 4.58 9.34 2.16 0.26 4.88
(0.14) (0.15) (0.36) (2.39) (0.16) (0.14) (0.18) (2.64)

⌃̂(2) 15.26 0.99 0.00 90.00 15.26 0.99 0.00 90.00
(0.22) (0.14) (0.00) (0.00) (0.25) (0.14) (0.00) (0.00)

⌃̂(3) 13.62 1.14 0.11 67.79 13.80 1.13 0.04 71.89
(0.25) (0.13) (0.04) (8.21) (0.19) (0.12) (0.02) (7.12)

Factor

⌃̂(4) 9.46 2.23 0.49 7.17 9.52 2.31 0.18 6.74
(0.12) (0.14) (0.26) (4.71) (0.15) (0.15) (0.13) (3.36)

⌃̂(5) 9.45 2.19 0.53 6.27 9.47 2.29 0.20 5.67
(0.16) (0.15) (0.29) (5.16) (0.15) (0.14) (0.15) (2.81)

⌃̂(6) 9.37 2.17 0.56 5.66 9.37 2.25 0.21 5.39
(0.15) (0.13) (0.30) (3.80) (0.15) (0.14) (0.15) (2.76)

Shrinkage

⌃̂(7) 9.48 2.05 0.55 8.55 9.35 2.13 0.24 6.08
(0.15) (0.12) (0.26) (6.25) (0.15) (0.15) (0.16) (3.41)

⌃̂(8) 9.40 2.08 0.62 6.07 9.36 2.14 0.25 5.41
(0.14) (0.15) (0.29) (4.27) (0.17) (0.16) (0.16) (3.00)

Sparsity

⌃̂(9) 13.47 1.16 0.12 66.86 13.73 1.14 0.04 71.36
(0.22) (0.13) (0.06) (8.88) (0.25) (0.14) (0.04) (7.89)

which, compared to the unconstrained solution, reads the same
but for the covariance matrix ⌃ being replaced by a shrinked
effective surrogate, ⌃+Diag(⌫)� 1

2 ·
�
1p⌫0 + ⌫10p

�
. In nature,

constraints act as a shrinkage leading to smaller effective
correlations, thus limiting the need and impacts of further
improvements in covariance or precision estimation.

5) ⌃̂ or ⇧̂ ?: Factor and Shrinkage are the dominant classes
for ⌃̂, while Sparsity and (to a lesser extent Factor) dominates
for ⇧̂. This suggests a generic behavior and robustness in the
Factor approach.

Sparsity applied to ⇧ appears as the estimation strategy
performing best, irrespective of p/n and constraints. This is
particularly clear for Dataset I, and still holds for Dataset II
though Shrinkage on ⌃ and Sparsity on ⇧ yield essentially
equivalent performance. This can likely be well explained
by the structure of (notably) Dataset I, which consists in
shares from large capitalization European firms, that is in
homogeneous assets, which, according to financial theory, are
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TABLE IV
GMVP Performance – Dataset II: Fama-French Portfolios – ⇧.

Same legend as table I.

n = 30, p/n ' 3 n = 90, p/n ' 1
V S TO H�1 V S TO H�1

⇧ - Long/Short
Factor

⇧̂(4) 9.41 2.16 1.22 5.13 9.10 2.19 0.40 5.62
(0.28) (0.15) (0.88) (3.60) (0.27) (0.18) (0.29) (3.23)

⇧̂(5) 41.02 0.58 0.70 64.99 8.55 2.34 0.41 5.43
(7.98) (0.11) (7.59) (14.81) (0.28) (0.18) (0.29) (2.67)

Shrinkage

⇧̂(7) N/A N/A N/A N/A 16.20 0.89 2.50 34.65
(0.26) (0.13) (2.83) (26.26)

Sparsity

⇧̂(9) 6.86 2.68 1.29 5.61 6.79 2.70 0.57 5.23
(0.17) (0.18) (0.42) (2.35) (0.18) (0.17) (0.25) (1.83)

⇧ - Long Only
Factor

⇧̂(4) 23.97 0.55 0.58 5.83 15.26 0.98 0.02 87.29
(0.36) (0.13) (0.30) (4.80) (0.23) (0.13) (0.01) (2.27)

⇧̂(5) 17.90 0.88 0.21 64.06 10.67 2.18 0.31 1.88
(0.36) (0.13) (0.31) (14.81) (0.19) (0.15) (0.41) (1.23)

Shrinkage

⇧̂(7) N/A N/A N/A N/A 15.22 0.99 0.84 57.52
(0.26) (0.14) (0.31) (18.93)

Sparsity

⇧̂(9) 9.38 2.11 0.57 6.13 9.37 2.13 0.21 6.49
(0.13) (0.14) (0.28) (3.44) (0.12) (0.13) (0.14) (3.25)

sensitive to a small number of common economic factors.
They hence show low partial correlation and thus a sparse
precision matrix. Sparsity on ⇧ precludes sparsity on ⌃ thus
likely explaining the dramatically poor performance of sparsity
on ⌃. Further, this factorial structure is also likely explaining
the satisfactory performance of factor based estimates for ⌃.

IV. CONCLUSIONS AND PERSPECTIVES

We have conducted an in-depth study of the relative perfor-
mance of different estimation strategies of the GMVP based on
the inversion of the estimated covariance matrix or the direct
estimation of the precision matrix.

All together, the results reported here tend to show that ro-
bust estimates outperform significantly direct estimates achiev-
ing improved trade-offs between a poor estimate of the full
covariance structure (via the sample covariance estimator) and
neglecting all dependencies (by keeping only its diagonal).
Further, factor based estimates perform satisfactorily both for
⌃ and ⇧. Sparsity precision-based asset allocation yield on
average the best performance across datasets, conditions and
ratios p/n, and globally when gathering all indices. Notably
for large p/n, sparsity precision-based asset allocations de-
grade in performance less than other strategies This may stem
from the fact that short estimation windows avoid estimation
blurring by data non-stationarity, while sparsity permits to
maintain a sufficient quality for risk assessment. Robustness
along time of both the procedures and conclusions reported
here have been checked by splitting the 60-year long Dataset II
into three sub-periods of 20 years, performance tables are
reported in Supplementary Material, Section VI.

We think that these empirical results are of interest both
from academic and professional points of view in so far
as they pave the way toward the development of new esti-
mation methods for optimal portfolio weights in the mean-

variance framework and yield new questions regarding the
informational content of the sample covariance and precision
matrices. Notably, the latent factors approach, which is, to a
large extend, related to the so-called random matrix theory,
has recently been brought back to the front of the scene in
[35]. It extends the factor approach to account for the fact
that the actual number of factors is generally unknown. The
idea consists in the identification of the significant eigenvalues
and the eigenvectors of the covariance matrix, a notoriously
difficult problem as soon as the ratio p/n of the number
of assets to the number of observations is not small [50],
[29], [19], [1]. Further, statistical principles can be combined
to construct advanced classes of estimators, in the spirit
of constructions studied in [23], [24], [54] combining e.g.
Sparsity and Factor. These are under current investigation.

APPENDIX A
SHRINKAGE OF THE COVARIANCE MATRIX

In order to prove lemma 2, we follow [11]. We are looking
for the parameters ⇢ and �, where � is a p-dimensional
diagonal matrix, which minimize the quadratic loss function

L(⌫, ⇢) = E
⇥
||⇢�+ (1� ⇢)Sn � ⌃||2

⇤
(29)

where || · || denotes the Frobenius norm while Sn denotes the
unbiased sample covariance matrix estimate from n iid random
vectors of Gaussian assets returns with covariance matrix ⌃.

The minimization of the quadratic loss function (29) with
respect to � yields

� = Diag⌃, (30)

i.e., � only retains the diagonal terms of the covariance matrix
⌃, that will be estimated by

�̂ = DiagSn. (31)

After substitution in (29), the minimization with respect to ⇢
leads to

⇢ = 1�
Tr
�
⌃2
�
� Tr

h
(Diag⌃)2

i

E [Tr (S2
n)]� E

h
Tr
⇣
(DiagSn)

2
⌘i . (32)

Notice that, up to now, this derivation is totally free from the
distributional properties of the sample matrix Sn apart from
the absence of bias.

Let us now use the fact that the sample covariance matrix
follows a Wishart distribution (n � 1) · Sn ⇠ Wp (n� 1,⌃),
so that [42]

Cov
⇣
(Sn)ij , (Sn)kl

⌘
=

1

n� 1

✓
⌃ik · ⌃jl

+ ⌃il · ⌃jk

◆
. (33)

As a consequence

E
⇥
Tr
�
S2
n

�⇤
=

n

n� 1
Tr
�
⌃2
�
+

1

n� 1
(Tr⌃)2 , (34)

and

E
h
Tr
⇣
(DiagSn)

2
⌘i

=
n+ 1

n� 1
Tr
h
(Diag⌃)2

i
. (35)

Notice that these relations can straightforwardly be obtained
by application of the Stein-Haff identity. By substitution of
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equations (34) and (35) in (32), we obtain the oracle shrinkage
estimator

⇢ =
Tr
�
⌃2
�
+ (Tr⌃)2 � 2Tr

h
(Diag⌃)2

i

nTr (⌃2) + (Tr⌃)2 � (n+ 1)Tr
h
(Diag⌃)2

i . (36)

In order to derive an estimator of ⇢, we follow the line of
[11] and introduce the Oracle Approximating Shrinkage (OAS)
estimator as the limit of the iterative process

⌃̂j = ⇢̂j ·DiagSn + (1� ⇢̂j) · Sn, (37)

and

⇢̂j+1 =

Tr
⇣
⌃̂j · Sn

⌘
+
⇣
Tr ⌃̂j

⌘2
� 2Tr

⇣
Diag ⌃̂j

⌘2�

nTr
⇣
⌃̂j · Sn

⌘
+
⇣
Tr ⌃̂j

⌘2
� (n+ 1)Tr

⇣
Diag ⌃̂j

⌘2� .

(38)
By substitution of (37) into (38) we get

⇢j+1 =
1� �n · ⇢j

1 + (n� 1) · �n � n�n · ⇢j
, (39)

with

�n =
Tr
�
S2
n

�
� Tr

h
(DiagSn)

2
i

Tr (S2
n) + (TrSn)

2 � 2Tr
h
(DiagSn)

2
i , (40)

and 0  �n  1 by construction. Taking the limit as j ! 1
we obtain the result stated in Lemma 2.

APPENDIX B
SHRINKAGE OF THE PRECISION MATRIX

As for the shrinkage estimator of the precision matrix
toward identity, the quadratic loss function becomes

L(⌫, ⇢) = E
⇥
||⇢⌫Id+ (1� ⇢)Pn �⇧||2

⇤
, (41)

where ⇧ = ⌃�1 and Pn is the unbiased sample precision
matrix obtained by inversion of the sample covariance matrix
Sn if n > p or is given by the Moore-Penrose generalized
inverse if n  p. The minimization with respect to ⌫ yields

⌫̂ =
1

p
TrPn . (42)

As a consequence, by substitution in (41) and minimization
with respect to ⇢ we get

⇢ =
E
⇥
Tr
�
P 2
n

�⇤
� Tr

�
⇧2
�
� 1

pVar (TrPn)

E [Tr (P 2
n)]� 1

p (Tr⇧)2 � 1
pVar (TrPn)

. (43)

In the case n > p, the inverse of the sample covariance ma-
trix exists and the unbiased sample estimator of the precision
matrix is (provided that n > p+ 2)

Pn =
n� p� 2

n� 1
· S�1

n (44)

since (n�p�2)�1·Pn = ((n� 1) · Sn)
�1 ⇠ W�1

p (n� 1,⇧),
where W�1 is the inverse Wishart distribution.

From [48], we know that

Cov
⇣
(Pn)ij , (Pn)kl

⌘
=

2 ·⇧ij ·⇧kl + (n� p� 2) (⇧ik ·⇧jl +⇧il ·⇧jk)

(n� p� 1)(n� p� 4)
,

(45)

provided that n > p+ 4. Hence

E
⇥
Tr
�
P 2
n

�⇤
=

✓
n� p

(n� p� 1)(n� p� 4)
+ 1

◆
Tr
�
⇧2
�

+
n� p� 2

(n� p� 1)(n� p� 4)
(Tr⇧)2 , (46)

and

Var (TrPn) = 2 ·
(Tr⇧)2 + (n� p� 2) · Tr

�
⇧2
�

(n� p� 1)(n� p� 4)
. (47)

Thus, the oracle shrinkage parameter is

⇢ =

n�p� 2
p (n�p�2)

(n�p�1)(n�p�4) · Tr
�
⇧2
�

+
n�p�2� 2

p

(n�p�1)(n�p�4) · (Tr⇧)2

h
1 +

n�p� 2
p (n�p�2)

(n�p�1)(n�p�4)

i
Tr
�
⇧2
�

+
h

n�p�2� 2
p

(n�p�1)(n�p�4) �
1
p

i
(Tr⇧)2

. (48)

As previously, we obtain the OAS estimator as the limit of the
iterative process

⇧̂j = ⇢̂j ·
1

p
TrPn · Id+ (1� ⇢̂j) · Pn, (49)

and

⇢̂j+1 =

h
n� p� 2

p (n� p� 2)
i
Tr
⇣
⇧̂jPn

⌘

+
⇣
n� p� 2� 2

p

⌘⇣
Tr ⇧̂j

⌘2


n� p� 2

p (n� p� 2)

+ (n� p� 1)(n� p� 4)

�
Tr
⇣
⇧̂jPn

⌘

+

"
n� p� 2� 2

p

� 1
p (n� p� 1)(n� p� 4)

#⇣
Tr ⇧̂j

⌘2

.

(50)
The limit as j ! 1 provides the result stated in Lemma 3.
The proof of lemma 4 follows exactly the same line; it is
omitted.
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